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THE PRESERVATION OF THE STABILITY OF A MECHANICAL SYSTEM WHEN
A NON-RETAINING CONSTRAINT IS WEAKENED*

A.P. IVANOV

A system with ideal non-retaining constraint ¢ >0 is studied in the
neighbourhood of an equilibrium position in which the reaction of the
constraint is non-zerc. It is assumed that the equilibrium is stable
when g =0, A family of periodic motions with impacts on the
constraint is shown to exist, the period of whose motions tends to zero
along with their amplitude. The orbital stability of the periodic
motions is studied to a first approximation. It is shown that certain
results of KAM theory can be used for non-linear analysis. In
particular, conditions are obtained for the equilibrium position of a
multidimensional system to be stable for a majority of initial
conditions.

1. Purpose of the investigation. We consider a canonical system M with the Hamiltonian

H=T+1, 27 = ay(q) pipyy N=Tl(a), q=R" (1-1)
and the ideal non-retaining constraint ¢ > 0; impacts on the constraint are absolutely
elastic. Here and throughout, we understand summation over repeated subscripts: i, j=1,...
nyk,m=2,... n

1f, when gq = 0 we have
oll/ag, > 0, o0ll/og, =0, ..., dll/dg, = O {1.2)

then the origin of the phase space is the equilibrium position of ¥ /1/.
The stability of the equilibrium position can be determined by considering the system

M’ with n —1 degrees of freedom and Hamiltonian H =H | p~- We have /2/
Theorem 1. We write the function II' =TI jg— as
=TI + ey - - - (1.3)
where Il is a homogeneous polynomial of ¢y ..., ¢, of degree s. If Il is positive

definite (it can take negative values), the zero equilibrium position of system {(1.1) is
Lyapunov stable (unstable). )

The connection between the stability of systems M and M' is more complicated when terms
ap; are present in H (the equilibrium conditions then include, in addition to Egs.(1.2),
the requirements a; =0 for g =0)

The stability of system ¥’ is necessary but not sufficient for ¥ to be stable, see /2/,
as shown by the following exanmple.

Example. Consider the system with Hamiltonian

H=p2 + g |+ rs— 2y + (0:%2 + | g P 7or2sin (20; + @)
27'5:"' 952+ sz { =2,3)

where r ¢ are canonical polar variables /3/, which describe the motion in the neighbourhood
of equilibrium. The system M' is described by the Hamiltonian H'=r — 2, and is integrable:
ry == const, rg.= const. In view of this, the equilibrium position rf=r,=0 of system M' is
stable, in spite of the fact that the Hamiltonian of the disturbed motion changes sign {gyro-
stabilization). If, by virtue of the initial disturbances, the values of g¢,p, are non-zero,
then, since system M has the first integral p%2+]g |=const, we obtain the well-known case
of instability with third-order resonance /3/.
The sufficient condition for stability are given by the following theorem /2/.

Theorem 2. If the function II; in expansion (1.3) is positive definite, the stability
of system ¥ (with the presence of terms, linear in p) is Lyapunov stable.

Note. If the system M' has one degree of freedom, its stability may not be ensured by
gyrostabilization, and is only possible with zero degree of instability. Here, therefore,
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Theorem 1 holds even when terms linear in p are present in (1.1).

In the present paper we study the behaviour of system M in the neighbourhood of the
origin of phase space when the system M’ is stable. Apart from examining the equilibrium in
cases which cannot be decided by Theorems 1 and 2, we study the motion with periodic impacts
and their orbital stability.

2. The Hamiltonian of the disturbed motion. Let us find the auxiliary system M* with
n degrees of freedom and without a non-retaining constraint. For this, we assume that the
generalized coordinates in ¥ are such that, in (1.1}, a=0(k=2,... n. The existence
of these coordinates is proved in /4/, and the corresponding replacement of the variables in
the canonical form is quite simple. 1If the generating function of the transformation g, p+
Q.p is such that

Z = qPy + fr (@ Px (2.1)
then p, = P; + Pndfm/0g, prx = Pmdfm/dg; , and the condition that there are no products [ #;
in the transformed Hamiltonian can be written as df,/dq, = —ay/ay,. On adding to these dif-
ferential equations the initial conditions f, = ¢, for ¢ =0, we obtain the replacement

(2.1), which, by Lindeloff's theorem /5/, is non-degenerate for g >0.
When there are terms linear in p in Hamiltonian (1.1), we can assume without loss  of

generality that, in addition to the eguations g, == 0, we have the condition a, =0 /2/.
The Hamilton function H* is given by
HAHG P =g ) Gs -+ 1 G0 D)y FH/0g, g = min {0, 31700 g0} (2.2)

The trajectories g* (#), p* (f) of system M* are continuous and are connected with the
trajectories of ¥ by

-

a ) =1a* O p ()= p* Osigng* (1), a8} = @7 (0 px = B {2-3)
1f conditions {1.2} heold in the equilibrium position q=p =0, we can write H* as
H¥ = oy °py® -+ l/zalamekPm + CrmGxPm 4 by l‘h[ “+ (2.4)
Fn [TV @)+ Vi (p)] 4 Ua Q) + Yobngy® +"Hy + o - Ho A

by 2> 00 g = (g2 -+ 1 u)s P (Pa0 - )

where U; and ¥, are linear forms, and ¥, is a guadratic form, and H, is a sum of terms of
degree $ in les b a's pe

Since we are assuming that the equilibrium of system ¥’ is stable, there is a linear
canonical transformation gq’, p -~ Q', P such that the part of the Hamiltonian (2.4} which
is quadractic in Q| P’ has the normal form /3/

YsxmPelm + Cum@iPon + U (@) = Vi (Q £ B M= R (2.5
3. Periodic motions in the neighbourhood of equilibriwm. For local non-linear analysis,
an important role is played by the Lyapunov holomorphic integral theorem /6/, which says that,
if the Hamilton function is analytic, then for every pair of pure imaginary roots Lk
of the characteristic equation, and when there are no other roots AN, N&=Z, a family of
periodic solutions exists, whose period tends to 2n/A as the amplitude tends to zero.

The smoothness requirement for the function (2.4), (2.5) can be weakened, as is shown by
the following theorem.

Theorem 3. In the neighbourhood of ¢ ==p =10 let the Hamiltonian be

2H = ay’p® + 28 L |+ bug® + 2 1 a b + 3.1)
euPr) + M (@@ + pd) + H " >0 B> 0, =R

where H, = H,{q,p} is a thrice continuousiy differentiable function which vanishes along

with its first- and second-order partial derivatives for g=p=0. If none of the &; is
zerc, system (3.1}, for 0<Ceg<lg,, has a family of e-pericdic solutions, for which
G =0@), p=0(), ¢:p;=0) s>2 (3.2)

Note. The family (3.2) corresponds to motions of system M with impacts on the constraint.
As distinct from the classical statement, the period of the motions tends to zero with their
amplitude.

Proof of Theorem 3. We will change from variables gy, P; to the cancnical variables
I w by means of the replacement, 2n-periodic in @, of the form for j|wi{<=n

g =alhw{m —lwl) p=pls#2—wl)
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_ au° 3b1 s _ ( 351 )l/a
=2 by ( 2n%ay,° ) ' ﬁ =2 iﬂ“au"

and simultaneously introduce the canonical variables ¥ by & + iprv= Viz, gy +pp =

V 2ys.
In the new variables, (3.1) is
H =3Pl 4 iy + I Ly + PPF (Lw, x,y) + G (x,3), ¥ = /b0 (3.3)

where L, is a linear function of x,y with coefficients, 2n-periodic in &, and the function
F is continuous and 2n-periodic in w, 1is continuous in I and continuously differentiable
for I==0, is twice continuously differentiable with respect to X,¥, and for x =y =10
we have F = 9F/dx = 8F/dy = 0, while the function G is thrice continuously differentiable
and its first- and second-order partial derivatives vanish for x =y = 0.

If it turns out that I, =0, the periodic solutions in question can be written at once

x=y=0, I=1I,=const, w =*%uyl," =2nle (3.4)

To obtain the solutions in the general case, some transformations are needed. If [ ~ g%,
X,y ~ &Y, then ¥ has the order e We fix H = H°=%0 and put 7 = (H°/y)"+ 4+ r. Regarding
Eq.(3.3) as an implicitly specified function r(w, Xx,y), we perform iso-energetic reduction
/6/. The reduced system is

dx/dw = 0r/dy, dyfdw = — Or/Ox, r == ittyeMIrly + {(3.5)
e {fy W)y + g W) yr] + EFo w8, %,y), R

where F, is twice continuously differentiable with respect to x,y, and Fy, = 8F,/8x = oF,/
dy =0, x=y=0

In system (3.5) we perform the canonical transformation x,y—'x* y* with generating
function § = zy* + o, (W) 2, 4+ b (W) yx*. The connection between the old and new variables
is given by y=y* + a, x*=x+4 b, and the new Hamiltonian is

r* = r 4 85/6w = r(x* — b, ¥* + a) + a, (z,* — b} + by * (3.6)

We choose the coefficients @ (W), by (w) in such a way that the first-order terms in
x*, y* in (3.6) vanish. Noting that the linear part of the function r(x* — b, y* -+ a) is
given by r, = xz,*or (—b, 8)/dx,* + y,*or (—b, a)/0y;*, we obtain the following system of equations
for a,b

a; + iehia; + €3f; -+ e39F (w, — b, a)/6z; =0 (3.7)
b —Tayehb; + e%g; -+ 20F (w, — b, a)/dy; =0

We perform the task of normalization by finding the 2n-periodic solution of system (3.7).
In this case, system (3.6) has the form r* = jeq M *y,* + e3F,* (v, &, x*, y*), where the partial
derivatives of F* with respect to x*, y* vanish for x* = y* = 0. The required periodic
solutions are x* = y* =0, r* = F,* (v, ¢, 0, 0).

We obtain the periodic solutions of system (3.7) by successive approximations. As a
first approximation we take a® = b® =0. One approximation is connected with the next by
the relations

a4 ieal?»,-af“’ + &3f; = — e¥F D joz; (3.8)
B0 tea A pIY - 83g; = — e30FSdy;
F(s) — Fo {w’ . b(a)‘ ﬂ(x))

System (3.8) splits up into (2n — 2) linear equations of the same type gz’ 4 iehz =
‘——e*’f (w), where by hypothesis A = 0. For sufficiently small e (so that e\ is not an
integer), this equation has the periodic solution

S ese-mwg eitof () dw + Ce-iehw 3.9
8

ax

C =3 (1 — eamier)1 S €13 (1p) dw o~ 83
[
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The successive approximations are given as 2n-periodic functions of w by (3.8) and (3.9).
If we define the norm of a vector function as

fabll= max 3 (a,@)]|+ 5@,

wEle, 20} j=2
then we obtain, for sufficiently small e, from the continuous differentiability of  dF /ox,
OF o/ 0y and (3.9), the inequality
“a(lsu) . a;””, bv‘srl) . b;,wrt)” /\: u “ a;:) - a;)’ bxls) o b;s! ”, 1t < 1 (3.’}0)
where a!” b{’, al’, b’ are arbitrary periodic functions of w, and atlt o Bl gLt pih
are the corresponding solutions of system {(3.8}.

In view of (3.10), the iterative process converges to the solution of system (3.7).
This completes the construction of the periodic solutions. Estimate (3.2) follows from (3.9).

Corollary /7, 8/. Function {(3.1) can be reduced by canonical transformation to the
form H={f{)+F@l qp (3.11)
where §F/iq=0F/dp=0 for gq=p=0, and f > as -0

Note. If H, in (3.1) is analytic, then the solution of system (3.7) depends analytically
on ¢ /9/. The periodic seolutions (3.2) can, in this case, be written as convergent series
in the parameter ¢, as in the classical statement of the theorem.

Example. The motion of a particle along a vertical above a horizontal support is given

by the Hamiltonian H = Yp?+ glql. where g is the acceleration due to gravity. The general
solution can be expressed by e -periodic functions, which have the form, when 1] &2
q - gt (e — 1), po= g (e — 12D
Here, max|gq|== g (/) = Y5 ge?, max|p| = p(0) = Yo

4. Orbital stability of periodic motions. When studying the orbital stability of the
periodic motions obtained above, a primary role is played by the guadratic part of functions
(3.6)

r* = Yeh, (g2 + pid) + 8 (w, &, 4. p) {4.1)

where B is a quadratic form in ¢, p with coefficients, 2m-periodic in w. The first term in
(4.1) is the principal part as & — 0.

To see how the multiplicators of system (4.1) depend on the parameter & {(this dependence
characterizes the amplitude of the periodic solutions) we use the Krein-Gel'fand-Lidskii
theorem on strong stability /10/. By this theorem, if the numbers o¢; do not satisfy a
resonance relation

o, +a, =N, NsZ {rns=1,...,n {4.2)
then there is a number & =6 (o) >0 such that, when we have
max [Hi(t,a.p)|< B (4.3)
1o, 2nls fgb=1, ipi=1
the system with Hamiltonian
H =0 (0* + P + Hy (b a,p), e pE R (4-4)

is stable. In other words, when there are no resonances, the multiplicators when the Hamilton
function is slightly disturbed will not leave the unit circle in the complex plane.

As applied to system (4.1), if none of the A; 1is zero or negative, then the condition
for there to be no resonances of type (4.2) can be satisfied for ¢e= ]0,g,], where ¢, is
given by

g, m;ix 5] < Yar o8 m:x PN P! (4.5)
P8

Along with (4.1}, we take the system dependent on the parameter p

Hy = ayphe {g® + pe®)2 + Hy(w, e, 9, p) (4.5)
If pe]10,8,], there is a number 8§ = 8{u) >0 such that, when (4.3) holds, system
(4.6) is stable, i.e., all its solutions g, (w), p, (W) are bounded functions when we R.

Put §, == min 8 (n) for p & ley/2, gyl
The functions gq, (vw), p. (viv) are solutions of the system
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H' = agpwhi (g + pi®Y2 + vH (vo, &, ¢, D)

which transforms into (4.1) when

v =g, vH, (w, e, q, p)= e*B (w/v’ €, 4, p) (47)
If v!'e Z, then the H, in (4.7) is 2n-periodic in w. Since, for any e 10,8,
there exists Ne&2Z such that p= Ne < [g,/2, g,J, then, putting v=N1 in (4.7), we

obtain the stability condition for system (4.1)

g%, max | B(w, e, q,p)| < 8 (M) (4.8)

wE[0, 2n], tal=lpl=1

We have thus proved the following theorem.

Theorem 4. If no characteristic exponent of system M, is zero or negative, then, given
sufficiently small € >0, the motions of system ¥ with e-periodic impacts on the non-
retaining constraint ¢ >0 are orbitally stable to a first approximation.

We will study the mechanism by which instability of the periodic solutions arises in the
case when all the numbers Ay are positive, which guarantees, in view of Theorem 2, stability
of the position of equilibrium.

The derivative of function (4.1) with respect to the parameter & is

dH{de = /oMy (® + pi?) + 3B + o (e?) (4.9)
If
3e? max | B|< oy mink;
we={0, 2011, |gl={pl=1 i

the function (4.9} is positive definite. The multiplicators of the first kind of system
{4.1) which, with e =0, issue from the point =14 of the unit circle, then move along
this circle counter clockwise /10/. 1If, with e=¢*, one multiplicator (and hence, at least
two) becomes equal to -1, while the characteristic matrix then has non-simple elementary
divisors, then, by the Krein-Lyubarskii theorem /10/, there exists e, >e&* such that, with

e & [e*, e], the periodic motion is unstable.

There is another case when instability can arise: if the function {4.9) ceases to be
positive definite as & increases, then the multiplicator p(e) can start to move clockwise
along the unit circle to the value p =1, which it reaches with & = ¢*. Here again, the
loss of stability is determined by the Krein-Lyubarskii theorem. We thus have the following
theorem.

Theorem 5. 1f the characteristic exponents of system M' are positive, then the loss of
stability of the e-periodic motions with impacts on the non-retaining constraint for &> s*
is accompanied by the appearance for g =g* of a periodic (p=1) or antiperiodic (p = —1)
solution of the equations in variations.

Ezample. A particle which moves in a vertical plane above a smooth curve y = f(2) is
in stable equilibrium at the critical point 2° if (>0 then A=I[{&". The motions
with periodic impacts are described by the relations

z=2% y=1e|t]lhe—[t) for [ti<Yge, ylE+e)=y )

while the height % to which the particle jumps is ge¥s. If the curve is replaced to a first
approximation by a parabola y=¥"(z) (z — %%, we can choose % in such a way that the system
has antiperiodic motion: for this, the particle must strike the parabola at a right angle.
The velocity vector (v, —Y,ge) must be orthogonal to the tangent vector to the parabola -
(1, Yf" (=°) ve), whence we have
= Yof" (=°) g&* = 2f" (z°)

which is the same as the stability domain boundary 0<f (z)h<Ys, see /l1/.

If the kb have different. signs, the loss of stability is not necessarily linked with
the birth of periodic or antiperiodic solutions; resonance of composite type, when rsts
in (4.2), can also lead to instability.

5. Stability in the case n =2, In the case n =2 we study the orbital stability
of periodic motions in the strict non-linear statement.

We showed in Sect.4 that, if the equilibrium position of system M, is stable, then,
for sufficiently small values of &, the Hamiltonian of the disturbed motion is

r¥ = 1,) (¢ + pt) + i (E, w, ga p3) (5.1)
where the function r; is continuous and 2n-periodic in & and depends smoothly on the energy
constant E and on g, p;.

The orbital stability of periodic motions can thus be determined on the basis of the
Arnol'd-Moser theorem /8, 12/. 1If none of A, 2A, ..., 2IA is an integer, we can reduce
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system (5.1) by non-linear real canonical transformation to the normal form
P T R I S R L T A L (5.2)
In (5.2), Trys#x 1s a smooth function in ¢, p; whose order of smallness is at least

2041, and which is continuous and 2n-periodic in w. If at least one coefficient c; (j =
2,... 10 is non-zero, then, by the Arnol'd-Moser theorem, the trivial solution of system
(5.1) is stable. Some resonance cases, when s\ 1is an integer for se 2%, are considered
in /3, 7/.

6. Stability in the multidimensional case. The present level of development of stability
theory prevents us from treating the case n2>3 as fully as the case n = 2. Strict
results on Lyapunov stability or instability of the equilibrium position of a systenm,
established as a result of the reaction of the non-retaining constraint, are exhausted by
the cases covered by Theorems 1 and 2. For applications, however, it may be useful to
consider stability for the majority of initial conditions.

According to the Kolmogorov-Arnol'd-Moser theory, stability for the majority of initial
conditions is inherent in the equilibrium positions of Hamiltonian systems when the Hamiltonian
of the disturbed motion is reasonably smooth and when certain conditions for non-degeneracy
of the normal form hold /8, 13/. A feature of the present case is that H is not differen-
tiable with respect to ¢ for ¢ = 0. We shall show that this does not affect the main
conclusion of KAM theory on the existence of invariant tori which ensure stability for most
initial conditions.

Using the results of Sect.4, we write the Hamiltonian function in the neighbourhood of
the equilibrium position as

H=aly* + Yk (g + o) + 71 (@ p Fo ) (6.1)

where @H,/0q — dH/op =0 for q=p =0, &H\/iq" = *H/op* = FH,/6qhp = 0 for g =p =
I, = 0; the function H, is smooth (is differentiable a sufficient number of times for
application of the methods of KAM theory) with respect to ¢.p, I;, and is continuous and
2n~periodic in w.

We assume that resonance relations of up to and including the fourth order do not exist
between the characteristic exponents, i.e., that we have no equation of the type

Smh=0, mysZ, 2 |m;|<4 (6.2)
J=2

=2

Putting I, =14k ry, £y = (Ela)s, we perform iso-energetic reduction in (6.1), taking
H =FE and w as the new independent variable. The results is a system with n —1 degrees
of freedom:

ry = Yeoha* (@ + B + O (89, e~ I, At = M (e), M* (V) = by {6.3)

where terms of at least the third order in gq,p are not written.

Since rescnance of type (6.2) do not exist for the A; they also do not exist for the
lﬁ for sufficiently small e It then follows that, for small &, there are no resonances
of the more general type

n n
e E }wj*m]'EZ, ijZ,, 2 ]m,] ~<4 (6-4)
=2

f=2

which are important when the Hamiltonian depends explicitly on the independent variable.
As a result of normalization, system (6.3) up to fourth order terms, becomes

ry = eMe*ry + YoCkmiPm + O (€2), 2r, = ¢y -+ py? (6.5)

where the coefficients ¢y, vanish along with e, and the unwritten terms have order at least
8/, in ry, and represent the disturbed part of the system, which latter is integrable when
this part is absent. The difference between system (6.5) and the cases usually treated in
KAM theory is that the disturbances are not smooth with respect to the independent variable

w. But we showed in Sect.5 that, in the case n = 2, this fact does not play an important
role (see also /14/, the note on 192, 194). Even in the case n>>3 non-differentiability
with respect to w is not important, as is shown by the following theorem /15/.

Theorem 6. I1f the non-degeneracy condition detlicymll#0 holds (as applied to system

{6.1)}, this is the condition for iso-energetic non-degeneracy), and &, Tk are sufficiently
small, most of the non-resonant tori of the system with Hamilton function

Hy = eh*ry + Yotk
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do not vanish, and only a few are deformed, so that, in the phase space of system (6.5},
there are also invariant tori, filled everywhere densely by phase curves which wrap round
them conditionally periodically with n —1 frequencies. These invariants tori form a
majority in the sense that the Lebesgue measure of the complementary union is small along
with the disturbances. These latter are assumed to belong to class C,, s >2n /15/.

Proof. 1f the dependence on ¥ in system (6.3) is smooth {class (,), we could wuse
Arnol'd's /13/ or Moser's /8/ proof as applied to the initial system (6.1}. It is still
possible to use these proofs in the present case, by extending them to systems with an
unsmooth dependence of the Hamiltonian on time (here, on the independent variable w).

Let S =S{w, 1, @) be the generating function of the normalizing transformation r, ¢ —
r, 9, so that r =1’ -+ 3S/d¢, ¢ = @ + 8S/or’.

The new Hamiltonian is 7y =7y (' -+ 3S/0¢, ¢" — dS/ar, w)+ 38/dw. Noting that r, and §
are periodic with respect to the angular variables, they can be expanded in infinite sums

7y = Nha(r, w) e ®, S =8y (r,w)ei®®
U == (U«zv eyl (u, (p) = Uy + - -+ UnPn

To nullify in the normal form the terms that depend on ¢, the coefficients §; must
satisfy the equations /3/

38y/0w + ingSy + by =0, %y = (@, u) 6.6)

where the @, = 0H,/0ry are evaluated on the invariant torus Iy = const. Eq.{6.6) has a
unique 2n-periodic solution, given by relations similar to (3.9). 1In the relations, the
denominator vanishes if %; 1is an integer, i.e., in the case of resonances of type (6.4).

Estimation of | S; | is based on an arithmetic lemma which generalizes the well-known
assertion of /8/ concerning resonances of type (6.2).

Lemma. For almost all o R" we have
[1—etnitow | > Cle)|ul™, v>n+1 (6.7)

Proof. Since
|1 ¥ W 2 15inn (e, u)

the estimated quantity is close to zero when the scalar product (e,uw is close to an integer.
It is well-known that, for almost all (n+ 1)-dimensional vectors o*= {e, 1},

fuk of) = o)+u 1> Cdultla,, )" (6.8

If {uppa|>2lulfe], then julle}j<|@, o)+ vpul while otherwise it follows from (6.8)
that
fwe)+u, ., [>Cl@)ful™ Ca=Cilt+2aph™
Putting Cg(®) = min{2fe|, £ (0)}, we obtain |(u, ®) + uuu| > Cy (@) Ju )Y
Since |sinnz|>minYjz— N| (NeZ) for all ze R, we finally have

|1 — &2 W) = 2) sina (v, u)|=2|sin [n (v, v)+nu,, ]| >amiol(ou) e, >

nCy{w)|u[™

which proves the lemma.
By (6.7}, we have
[Su|<Cof@)|Ru] |uf (6.9)
which has the same form regardless of whether the Hamilton function is smooth with respect
to the independent variable w. Satisfaction of (6.9} ensures that the iterative process is

convergent when constructing the invariant tori of the disturbed system, so that the rest of
the proof of Theorem 6 is the same as in the smooth case /8, 13/.
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ASYMPTOTIC MOTIONS OF MECHANICAL SYSTEMS WITH NON-HOLONOMIC CONSTRAINTS*®

G.M. VINNER

The motions of mechanical systems with non-holonomic constraints close
to critical points of the potential are considered. The stability of
the equilibrium positions was first treated by Whittaker /1/. A
theorem is given which includes earlier results /2/ as a special case,
and which enables asymptotic motions to be found for new classes of
potentials. Sufficient conditions are found for the equilibrium to be
unstable when not all the frequencies of small oscillations vanish.
Similar studies were made in /3-6/ for systems without constraints.

The hypothesis can be advanced that a critical point of the
potential energy is an unstable equilibrium of a mechanical system with
non-holonomic constraints (linear in the velocity) when zero is not a
minimum of the function V*.

Here, the origin is the equilibrium position in question, and the
asterisk denotes contraction of the potential energy V to the
subspace, orthogonal to all the constraints at zero.

This hypothesis is proved below for the case when the MacLaurin
expansion of V* is V*=V*+ Vi*+ Vi, + ..., where V,*+ Vi* can take
negative values infinitesimally close to zero (V,* is a homogeneous
form of degree j).

This situation when V,*>0 and Vy* >0 is not considered. Alsoc,
to determine the absence of a minimum, higher powers must be taken into
account.

1. The rigorous statement of the problem, and the result. We consider a mechanical
system with configuration space I, which can be regarded as the standard R", since all our
constructions are performed in an infinitesimally small neighbourhood of zero. Let the
generalized coordinates be § = (§!, ..., ) & L. The Lagrangian of the system can be written
as K (E &)— V(E), where K is the kinetic energy, quadratic in the velocity, and V is the
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